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Abstract. An odd-dimensional differentiable manifold is called holo- 
morphically fillable if it is diffeomorphic to the boundary of a compact 
strongly pseudoconvex complex manifold, Stein fillable if this last man- 
ifold may be chosen to be Stein and Milnor fi,llable if it is diffeomorphic 
to the abstract boundary of an isolated singularity of normal complex 
analytic space. We show that the homotopical dimension of a manifold- 
with-boundary of dimension at least 4 restricts the cohomology ring 
(with any coefficients) of its boundary. This gives restrictions on the 
cohomology rings of Stein fillable manifolds, on the dimension of the 
exceptional locus of any resolution of a given isolated singularity, and 
on the topology of smoothable singularities. We give also new proofs 
of structure theorems of Durfee & Hain and Bungart about the coho- 
mology rings of Milnor fillable and respectively holomorphically fillable 
manifolds. The various structure theorems presented in this paper imply 
that in dimension at least 5, the classes of Stein fillable, Milnor fillable 
and holomorphically fillable manifolds are pairwise different. 



1. Introduction 

The foundational papers [2E], [E], [IS], [H] of Eliashberg and Gromov 
showed that one can get information on the structure of a contact manifold 
whenever this manifold bounds an even dimensional manifold W with 
a holomorphic or symplectic structure compatible in some way with the 
contact structure on the boundary: one says that is filled by W. Since 
then, many notions of fillability for contact manifolds have been introduced: 
holomorphic, Stein, Milnor, Liouville, Weinstein, strong symplectic, weak 
symplectic, etc (see Geiges |21|). 

In this paper we restrict to the notions of holomorphic. Stein and Milnor 
fillability. An odd-dimensional, closed, orientable manifold is called holomor- 
phically fillable if it is diffeomorphic to the boundary of a compact strongly 
pseudoconvex complex manifold. It is called Stein fillable if this manifold 
can be chosen to be Stein. It is called Milnor fillable if it is diffeomorphic 
to the abstract boundary (or link) of an isolated singular point of normal 
complex analytic space. Using a resolution of the singularity, we see that 
a Milnor fillable manifold is automatically holomorphically fillable. Notice 
that we have dropped the contact structures from these definitions, due to 



Date: 19 December 2007. 

1991 Mathematics Subject Classification. Primary 32S50 ; Secondary 32E10, 53D10. 
Key words and phrases. Isolated singularities, non-smoothable singularities, fillability. 
Stein spaces, strongly pseudoconvex spaces, contact manifolds. 

1 



2 



PATRICK POPESCU-PAMPU 



the fact that in this article we prove theorems which involve only the coho- 
mology rings of each kind of tillable manifolds. Nevertheless, we began this 
article by speaking about them because it is the interest in Milnor tillable 
contact manifolds which led us to those theorems, before discovering that 
some of them were already known. 

Holomorphically tillable 3-manifolds are necessarily Stein tillable, as was 
proved by Bogomolov & de Oliveira [6]. In higher dimensions, this is no 
longer the case. For example, Eliashberg, Kim & Polterovich [20] have shown 
that the projective spaces MP^"~^, which are always holomorphically tillable, 
are not Stein tillable whenever n > 3. 

In Section [2] we give the background on (strictly) plurisubharmonic func- 
tions, strongly pseudoconvex spaces. Stein spaces, tillable manifolds and res- 
olutions of isolated singularities of normal complex analytic spaces needed 
in the rest of the paper. 

In Section [3|, we show that the homotopical dimension of a compact 
manifold-with-boundary restricts the cohomology ring with arbitrary coef- 
ficients of its boundary (Theorem 13. This extends the method used by 
Eliashberg, Kim & Polterovich to show that MP^"~^ is not Stein tillable. A 
Stein manifold being homotopically of dimension at most equal to its com- 
plex dimension, we get in particular constraints on the cohomology rings 
of Stein tillable manifolds (Corollary I3.3|l . Then we consider manifolds N 
which are total spaces of oriented circle bundles — > S, and we apply 
Theorem 13. II by showing that suitable hypotheses on the cohomology ring of 
E and on the Euler class of the bundle, give lower bounds on the homotopical 
dimension of any filling of (Proposition 13. Sp . 

In Section HI we give applications of the results of the previous section to 
isolated singularities of complex analytic spaces. First, we give a lower bound 
on the dimension of the exceptional locus of any resolution in terms of the 
cohomology ring of the boundary (Proposition I4.ip . The generic fibers of a 
smoothing of an isolated singularity being Stein and their boundaries being 
diffeomorphic to the boundary of the singularity, we also get constraints 
on the topology of smoothable singularities (Proposition 14. 4|) . We consider 
in more detail the isolated singularities obtained by contracting the zero- 
section of an anti-ample line bundle L on a projective manifold E. Suitable 
hypotheses on the integral cohomology ring H*{T,; Z) and on the Chern class 
of L imply that the boundary of the resulting singularity (Milnor tillable, 
therefore holomorphically tillable) is not Stein tillable. In particular, such a 
germ is non- smoothable. As a special case we get (Corollary 14. 5p : 

Let {X, x) be the germ of normal analytic space with isolated singularity 
obtained by contracting the 0-section of an anti-ample line bundle on an 
abelian variety E of complex dimension > 2, and whose first Chern class is 
not primitive in H'^{Ti,'L). Then the boundary of {X,x) is not Stein fillable. 
In particular, (A, x) is not smoothable. 

We answer like this partially the concluding question asked by Biran in 
[5] (see Remark l4.6p . 

In Section [5] we give a new proof of a theorem of Durfee & Hain [14] (first 
announced in [13]). describing restrictions on the cohomology rings with 
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rational coefficients of Milnor fillable manifolds of arbitrary dimension (The- 
orem [5]T]). This generalizes a theorem obtained by Sullivan [46j in dimension 
3. A crucial ingredient in our proof is a theorem of Goresky & MacPherson 
[23] ■ describing the kernel of the map from the homology of the boundary 
to the homology of the manifold, in the case of a divisorial resolution of an 
isolated singularity (Theorem 12. lljl . This theorem generalizes to any dimen- 
sion the fact that the intersection form associated to a resolution of a normal 
surface singularity is non-degenerate. Both our proof and the one of Durfee 
& Hain are based on a deep purity theorem of Beilinson, Bernstein, Deligne 
& Gabber [2] (in our proof, this is hidden inside Goresky & MacPherson's 
theorem). 

In Section [6] we apply the results of Section [5] in order to give a new proof 
of a theorem of Bungart |9j , showing that the rational cohomology rings of 
holomorphically fillable manifolds are also constrained (Theorem I6.2|) . 

We deduce examples in any odd dimension > 3 of holomorphically fillable 
manifolds which are not Milnor fillable (Corollary 16. Sp . Combining them 
with the examples of the previous sections, we see that in all odd dimensions 
> 5, the classes of Stein, Milnor or holomorphically fillable manifolds are 
pairwise distinct. 

Acknowledgments. I am grateful to Yakov Eliashberg, who gave me the ref- 
erence ^20j after receiving a previous version of this paper; this made me simplify 
the criterion of non-fillability by manifolds having small homotopical dimension. 
He informed me that he had learnt from Freedman at the beginning of the 1990's 
the possibility to get obstructions on the cohomology rings of the boundaries of 
manifolds which are homotopically of dimension equal to half their real dimension. 
I had the same idea inspired by the work [46] of Sullivan. I am grateful to Etienne 
Ghys who showed me Sullivan's article a few years ago. This made me find the 
results of this paper before discovering that some of them had already been proved 
by Durfee & Hain and Bungart. I am also grateful to Hansjorg Geiges, Eduard 
Looijenga, David Martinez, Luca Migliorini, Jan Schepers, Jose Seade and Bernard 
Teissier for stimulating conversations. 

2. Plurisubharmonic functions and various notions of 

fillability 

For details on the various notions and results recalled in this section, 
one can consult Grauert & Remmert [2S], Peternell [33], Bennequin [1] and 
Ehashberg [18]. 

Let X be a complex manifold. Denote by TX the (real) tangent bundle 
of the underlying real differentiable manifold and by J : TX TX the 
(integrable) almost complex structure associated to the complex structure of 
X. The operator dP := J* od (that is, d^f := df oj for any smooth function 
defined on X) is real and intrinsically associated to the complex structure of 
X. In terms of the operators d = d' and d = d" , one has: 

r d = d + d 

\ d^ = i{d - d) ■ 

Let / be a real-valued smooth function defined on X. 
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We associate to / the following tensors on X: 

af := -d^/, 

cof := daf = —dd^f, 

gf{u, v) := ujf{u, Jv), y u,v E TV, 

hf := gf + iujf. 

The kernel of the restriction of a/ to any regular level Xa := f~^{a) of / 
is the complex tangent bundle TXa H J{TXa) of Xa- The exterior form Uf 
is real of type (1, 1). It is the associated Levi form of the function /. The 
associated hermitian form hf (C-antilinear in the first coordinate and C- 
linear in the second coordinate) is also called the Levi form of /. If needed, 
we distinguish between the two versions of Levi form by precising that we 
deal with the exterior Levi form or the hermitian Levi form. 

In the sequel we will be mainly interested in a special class of real- valued 
functions on X: 

Definition 2.1. The function / : X ^ M is called plurisubharmonic (ab- 
breviated psh) if gf is positive semidefinite. It is called strictly plurisub- 
harmonic (abbreviated spsh) if gf is positive definite, that is, if it defines 
a riemannian structure on the smooth manifold X. 

Notice that / is spsh if and only if the associated Levi form is Kahler. 
(Strictly) plurisubharmonic functions are the analogs on complex manifolds 
of (strictly) convex functions on real manifolds endowed with an affine struc- 
ture (not to be confused with affine algebraic manifolds). 

The notion of (s)psh function can be defined also if X is a reduced but 
not necessarily smooth complex space: the function / : X ^ R is called 
(s)psh if in a neighborhood of each point of X, it is the restriction to X of 
a smooth (s)psh function defined on a complex manifold into which one has 
locally embedded X. This definition does not depend on the choice of local 
embedding. 

Strictly plurisubharmonic functions have the following easily provable 
properties: 

Proposition 2.2. 1) The restriction of a (s) psh function to a complex sub- 
space is again (s)psh. 

2) If f is (s)psh and ^ : M — >■ M is (strictly) convex and smooth, then 
4>o f : X is (s)psh. 

3) spsh functions form an open set among smooth functions in the 
topology with compact supports. 

The notions of (s)psh functions are local. The following notion is instead 
global: the smooth real-valued function / defined on the reduced complex 
analytic space X is called an exhaustion function if it is proper and bounded 
from below (which is equivalent to the fact that it attains its absolute mini- 
mum). 

Definition 2.3. The reduced complex analytic space X is called strongly 
pseudoconvex if it carries an exhaustion function / which is strictly pluri- 
subharmonic outside a compact set. X is called a Stein space if / may be 
chosen to be strongly pseudoconvex all over X. 
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The following characterizations of Stein spaces may be obtained by com- 
bining theorems of Grauert and Narasimhan (see Grauert & Remmert [26l 
page 152] or Peternell [39l sections 1-4]): 

Theorem 2.4. Let X be a reduced paracompact complex analytic space. The 
following properties are equivalent: 

1) X is a Stein space. 

2) X is holomorphically convex and holomorphically separable (that is, the 
global holomorphic functions separate the points). 

3) X is strongly pseudoconvex and has no compact analytic subsets of 
positive dimension. 

There are also characterizations of Stein spaces using coherent cohomol- 
ogy, but we won't use them in this paper. As a corollary of the previous 
theorem, we get: 

Theorem 2.5. If X is a finite map and Y is a Stein space, then X is 

also Stein. 

In particular, any closed subspace of a Stein space is Stein. Still more 
particularly, any closed subspace of is Stein. In fact, in this way one 
does not restrict very much the class of Stein spaces. Indeed, as a result of 
works of Remmert, Bishop and Narasimhan, one has the following embedding 
theorem (see Bell &: Narasimhan [H Theorem 3.1]): 

Theorem 2.6. A Stein space X can be embedded holomorphically in some 
C"" if and only if it has bounded local embedding dimension (that is, the 
dimension of the Zariski tangent spaces is a bounded function on X). 

Suppose that X is strongly pseudoconvex. Then it has a maximal com- 
pact analytic subset K d X with a finite number of irreducible components. 
Consider the Remmert reduction morphism X — > y (see Peternell [MJ Sec- 
tion 2]). It contracts to a point each connected component of K and it is 
an isomorphism outside K. The space Y is then a Stein space, by point 1) 
of the previous theorem. If X is a manifold, then 1" is a normal Stein space 
with a finite number of isolated singularities. For this reason, in the sequel 
we will consider only complex spaces with isolated singularities. If / is an 
exhaustion function on the complex space X and Xa '■= f~^{a) is a regular 
level of / in whose neighborhood / is spsh, then we say that the compact 
sublevel X<a '■= /^^((— cxd, a]) is a compact strongly pseudoconvex manifold^ 
whose boundary is Xa- If X is Stein, we say that X<_a is a compact Stein 
manifold. 

We will do Morse theory starting from spsh functions defined on complex 
manifolds X. The fundamental observation is: 

Proposition 2.7. If the complex manifold X has complex dimension n>l, 
then the indices of the critical points of a spsh Morse function on X are < n. 

This remark made by Thom around 1957 was the starting point of proofs 
through Morse theory of Lefschetz' hyperplane section theorem, by Andreotti 
& Frankel [IJ and Bott Milnor [34j noticed that an immediate conse- 
quence of those proofs is: 
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Theorem 2.8. A Stein manifold X of complex dimension n has the homo- 
topy type of a CW-complex of dimension at most n. As a consequence, all 
the homology and cohomology groups with arbitrary coefficients of X vanish 
in degree at least n + 1 . 

The vanishing of the previous cohomology groups with real coefficients was 
first proved by Serre [12] ■ An analogous vanishing theorem was proved for 
arbitrary Stein spaces by Narasimhan [37]. The analog of the first sentence 
of the theorem was then proved for affine algebraic spaces by Karchyauskas 
[32] and for arbitrary Stein spaces by Hamm [30]. In this paper we will need 
only the (co)homological version of the theorem for Stein manifolds, but 
(and this is very important) with integral coefficients. We would like also to 
mention that in [16], Eliashberg characterized the differentiable manifolds of 
even dimension > 6 which admit a Stein structure. 

In [IB], Eliashberg explains Proposition 12.71 using symplectic geometry in 
the following way, which is excellent for understanding the interdependence 
of the objects af,u;f,gf defined before. Consider the gradient of / with re- 
spect to the riemannian metric gf. It is also equal to the Liouville vector 
field of a J with respect to the symplectic form loj, therefore its fiow expo- 
nentially dilates this symplectic form. This implies that the stable cells of 
the gradient associated to the critical points of / are isotropic (that is, ujf 
vanishes on them), therefore their dimension is at most n. 

In this article, the most important example of spsh function is the squared- 
distance function to a point in some space C" (which was also the type of 
function used by Andreotti Sz Erankel [1]). We will also consider restrictions 
of such functions to complex analytic subspaces of C", which are again spsh 
by Proposition 12.21 

In particular, let {X, x) be an irreducible germ of reduced complex analytic 
space which is smooth outside x. We also say that (X, x) is an isolated 
singularity. Choose an embedding of a representative of (X, x) in some 
(C",0). Denote by p : {X,x) — > (R+,0) the restriction of the squared- 
distance function to the origin. We call it a euclidean rug function associated 
to the isolated singularity {X, x) (notice that in [H] we had introduced more 
general euclidean rug functions; the name is inspired by Thom's article [47]). 
Its levels p~^(e) are all smooth and diffeomorphic for e S (0, eo], where 
eo > is sufficiently small. Their diffeomorphism type does not depend on 
the choice of the embedding, and is called the (abstract) boundary or the 
(abstract) link of {X,x). We say that a compact representative of {X,x) of 
the form /9~^([0, eo]) with the properties stated before is a compact Milnor 
representative of {X,x). This notion may be extended to any reduced germ, 
without necessarily isolated singularity. 

Definition 2.9. The odd-dimensional manifold is called holomorphi- 
cally fiUable if it is diffeomorphic to the boundary of a compact strongly 
pseudoconvex space X with at most isolated singularities. A^ is called Stein 
fillable if X may be chosen to be a Stein manifold. N is called Milnor 
fillable if it is diffeomorphic to the abstract boundary of an isolated singu- 
larity. 



FILLABILITY AND COHOMOLOGY 



7 



Note that by Hironaka's theorem of resolution of singularities and the fact 
that the Remmert reduction of a strongly pseudoconvex space is a bimero- 
moprhism, we would obtain equivalent definitions of holomorphic fillability 
by asking X to be either smooth or to be Stein with at most isolated singu- 
larities. 

The notions of holomorphic fillability and Stein fillability were introduced 
in the context of the study of convexity notions in symplectic geometry by 
Eliashberg & Gromov [l9|. The notion of Milnor fillability was introduced 
by Caubel, Nemethi and myself in the paper [TT]. In all these cases, one 
considers a supplementary contact structure on the manifold (see also 
Geiges [21]), and one has to take care of orientation issues. As in this article 
we give purely cohomological obstructions for Stein, Milnor and holomorphic 
fillability, we do not spend time here on these issues. We precise only, for the 
reader who wants to get an idea of the relation between what we explained 
before and contact geometry, that whenever / is spsh, the restriction of the 
real 1-form to a regular level /~^(o) of / is a contact form, and that the 
orientation defined on this level by a/ A (do/)^^""^^ coincides with its orien- 
tation as a boundary of the sublevel /~^((— oo, a]). Varchenko [l9] showed 
that the associated contact structures on the boundaries of Milnor repre- 
sentatives of isolated singularities are independent of the choice of euclidean 
rug function. In [H], we continued the study of such Milnor fillahle contact 
manifolds. 

In Section[6]we will study holomorphically fillable manifolds by considering 
a convenient cobordism which relates them to a disjoint union of Milnor 
fillable manifolds. This cobordism will be constructed using the following 
proposition: 

Proposition 2.10. Let X he a compact Stein space with isolated singularities 
and / : X ^ M a spsh exhaustion function. Denote by F a finite set which 
contains the singular locus of X. Then there exists a spsh function (/) : X — > R 
which coincides with f outside a compact subset of the interior of X , which 
attains its absolute minimum exactly on F and which is a euclidean rug 
function in restriction to a sufficiently small neighborhood of any point of F 
in X. 

Proof. There exists an analytic morphism X ^ Y which identifies all the 
points of F and is a biholomorphism outside F. Denote hy y & Y the image 
of F by this morphism. Point 3) of Theorem 12.41 implies that Y is again a 
compact Stein space. By post-composing / with an adequate smooth convex 
function which interpolates between a constant function and the identity on 
M, we get a psh function / on X which is constant on F and equal to / near 
dX. Therefore it descends to a psh function on Y. 

As the local embedding dimension on Y is globally bounded, by Theorem 

o 

I2.6l the interior YofY can be embedded in some space C". From now on, we 
shall look at y as a subspace of C". Consider then the function p : y — > R 
obtained by restricting to Y the squared-distance function to y in C". 

Consider a number a > such that f = f wherever p > a (that is, 
such that we have modified / only inside the euclidean ball with radius 
^/a centered at y). Then post-compose p with a smooth real- valued function 
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defined on M, which is the identity on the interval ]— oo, a] and identically zero 
on [b, +00 [, where b > a is chosen arbitrarily. Notice that we impose nothing 
more than its global smoothness in between. Denote by p : y — > R the 
function obtained like this. It is a euclidean rug function in a neighborhood 
of y, it is spsh wherever f ^ f and it vanishes outside a compact. 

By using Proposition 12.21 we see that the function ip^ := f + e ■ p is spsh 
all over Y whenever e > is sufficiently small. Then its lift (p^ to X verifies 
all the conditions asked for in the conclusion of the proposition. □ 

As a preliminary to the study of holomorphically tillable manifolds, in 
Section [5] we will prove a theorem of Durfee & Hain, showing that there exist 
restrictions on the rational cohomology rings of Milnor fillable manifolds of 
dimension at least 3. Our proof is different form the one of Durfee & Hain. 
It is based on a theorem of Goresky & MacPherson. Let us explain it. 

Consider an isolated singularity {X, x) of normal complex analytic space. 
A resolution of {X,x) is a proper morphism {X,E) — > iX,x) with smooth 
total space X, realizing an isomorphism outside the singular locus x. By 
Hironaka's theorem, resolutions exist. A resolution is called divisorial if its 
exceptional set E is purely of codimension 1 in X. All the resolutions of 
normal surfaces are divisorial, but this is not true in higher dimensions (the 
simplest example of non-divisorial resolution is recalled at the beginning of 
Section 11). 

Suppose now that X denotes a compact Milnor representative of the germ. 
Let (W, E) ^ {X, x) be a divisorial resolution whose exceptional divisor E 
has only normal crossings. Denote by the boundary of W. As vr is 
an isomorphism outside x, it identifies N with the boundary of X, that is 
with the abstract boundary of the singularity. We will need the following 
theorem relating the (co)homology of the boundary N of the singularity to 
the (co)homology of the resolution W: 

Theorem 2.11. The following are equivalent facts and are true if W is a 
divisorial resolution of a Milnor representative of a normal isolated singular- 
ity and N is its boundary (homology and cohomology groups are considered 
with rational coefficients and all the morphisms are induced by inclusions): 

1) The morphisms Hi{N) — > HiiW) vanish identically for i E {n,..., 
2n - 1}. 

2) The morphisms Hi{N) Hi{W) are infective fori E {1, ...,n— 1} and 
vanish identically for i E {n, 2n — 1}. 

3) The morphisms W{W) H^{N) vanish identically for i E {n, 
2n- 1}. 

^) The morphisms WiW) H^{N) are surjective for i E {0, ...,n — 1} 
and vanish identically for i E {n, 2n — 1}. 

5) The morphisms Hi{W) Hi(W, N) are surjective for i E {l,...,n} 
and are infective for i E {n, 2n — 1}. 

6) The morphisms H^{W,N) H^(W) are infective for i E {1, ...,n} and 
surjective for i E {n, 2n — 1}. 

The equivalence between l)-6) results from a play with the long exact 
(co)homology sequences of the pair {W,N), Poincare-Lefschetz duality and 
the fact that H^{W) H\N) is the adjoint morphism of Hi{N) Hi{W) 
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when we work over Q. Point 1) of the theorem was deduced by Goresky 
& MacPherson in ^23i page 124] as a consequence of a deep decomposition 
theorem in intersection homology theory proved by Beihnson, Bernstein, 
Dehgne &: Gabber O Theorem 6.2.5, page 163]. Point 6) was proved by 
Steenbrink [IH page 518] as part of a short exact sequence of mixed Hodge 
structures (see also [15], page 117]). A Hodge-theoretic proof of this theorem 
was given by Navarro Aznar in [38], page 285]. It can also be obtained as a 
consequence of de Cataldo & Migliorini's [TOl Corollary 2.1.12]. 

As noted in p3l page 123], for any compact oriented manifold W with 
boundary the kernel of the morphism H,{N) H,{W) between the 
total homologies, induced by the inclusion N ^ W, is half-dimensional 
inside H,{N). The previous theorem describes this kernel when is a 
divisorial resolution of an isolated singularity: it is exactly (B'f!!l~^ Hi{N) . In 
fact, this was the way in which Goresky <fe MacPherson stated their theorem. 

In the case of a germ of surface {X, x) , the previous theorem is a con- 
sequence of the fact (proved by Du Val [H] and Mumford p6]) that the 
intersection form of the resolution vr is negative definite. More precisely, it is 
equivalent to the non-degeneracy of this intersection form, as can be easily 
seen using some diagram chasing in the cohomology long exact sequence of 
the pair {W,N), Poincare-Lefschetz duality for the manifold- with-boundary 
W, and the fact that W retracts by deformation on E. Therefore, Goresky 
& MacPherson's theorem is a generalization of the non-degeneracy of the 
intersection form associated to a resolution of a normal surface singularity. 

3. Constraints on the cohomology of the boundary 

FROM the HOMOTOPICAL DIMENSION OF THE TOTAL SPACE 

In this section, all (co)homology groups are considered with coefficients in 
any commutative ring. If a space has the homotopical type of a CW-complex 
of dimension < h, we say that it is homotopically of dimension < h. When- 
ever we will be using Poincare or Poincare-Lefschetz duality morphisms, we 
will suppose that the orientable manifolds under consideration were arbitrar- 
ily oriented. 

Theorem 3.1. Let W be a compact, connected, orientable manifold-with- 
boundary of dimension m > 4. Denote by N its boundary. Suppose that W 
is homotopically of dimension < h. Consider numbers ii, ...,ik G {1, ...,m — 
2 — h} such that ii + • ■ ■ + ik > h + 1. Then the morphism H^^ (N) • • • 
W={N) — > ^^''{N) induced by the cup-product in cohomology with 

arbitrary coefficients vanishes identically. 

Proof. By the long exact cohomology sequence of the pair {W,N), we 
have the exact sequences: 

H''{W) m{N) — > W'+\W,N), yie {l,...,k}, 

in which b* is the morphism induced in cohomology by the inclusion N ^ 
W. By Poincare-Lefschetz duality applied to the oriented manifold-with- 
boundary W, we get m+'^{W,N) ~ Hm-ii-i{W). As ii < m - 2 - h, we 
see that m — ii — l>h + l. But W was supposed to be homotopically of 
dimension < h, therefore Hm~ii~i{W) = 0. We deduce that all the maps 
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H^' (W) — > W (N) are surjective. Consider then the following commutative 
diagram: 

H'^iW) (g) • • • (g) H''<:{W) ^ W^{N) (g) • • • O W^iN) 

Hh+---+ik(\Y-^ ^ 

As ii H + ifc > /i + 1, we get = 0. Therefore the composed 

morphism defined by the commutative diagram vanishes identically. But 
the upper horizontal morphism is surjective, as a tensor product of surjec- 
tive morphisms, therefore the right-hand vertical morphism does also vanish 
identically. □ 

Remark 3.2. One has to suppose that /i < m — 3 in order to make the set of 
/c-uples satisfying the requested inequalities non-empty for some 

A; > 1. 

The next corollary gives restrictions on the cohomology rings of Stein 
tillable manifolds. In the next section we apply it to give examples of Milnor 
tillable manifolds which are not Stein tillable. 

Corollary 3.3. Let N be a Stein fiUable manifold of dimension 2n — 1 > 5. 
Consider numbers ii, ...,ik G {1, n — 2} such that ii + ■ ■ ■ + ik > ri + 1. 
Then the morphism H'"^ (N) ■ ■ ■ <S) H''' (N) — > i/*i+-+*'=(A^) induced by the 
cup-product in cohomology with arbitrary coefficients vanishes identically. 

Proof. Combine Theorem 12.81 and Theorem 13.11 n 

Remark 3.4. 1) We have asked that be of dimension at least 5, because 
the previous theorem says nothing about 3-dimensional Stein tillable mani- 
folds (see Remark l3.2p . 

2) It would be interesting to find topological properties of Stein tillable 
manifolds which use in an essential way their orientation. The properties 
stated before are expressed purely in terms of the cohomology ring of the 
manifold, they are not of this type. 

3) It would also be interesting to find manifolds which admit both a Stein 
tillable contact structure and a holomorphically tillable but not Stein tillable 
contact structure. 

The next proposition applies Theorem 13. ll to total spaces of circle bundles. 

Proposition 3.5. Let N — > S be an oriented circle bundle over an ori- 
entable closed connected manifold S of dimension m — 2 > 2. Denote by 
e £ H'^{T,) its Euler class. Consider numbers ii, ...,ik G {1, — 2 — h} 

such that H h 4 > /i + 1. If the morphism H^^{T.) • • • — > 

jjiiA l-«fc(5]) induced by the cup-product is surjective, but '"^''"^(S) 

l-*fe($]) is not surjective, then N does not bound a manifold which is 
homotopically of dimension < h. 

Proof. Consider the following part of the Gysin long exact sequence 
associated to the circle bundle p: 
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By hypothesis, the morphism on the left is not surjective, therefore the one 
on the right is not vanishing identically. 

Look then at the following commutative diagram: 

H'^ (S) • • • (g) H'*: (S) ^ (iV) ® • • • (g) H'" (N) 

The left-hand vertical morphism being surjective by hypothesis and the hor- 
izontal arrow on the bottom being non-zero, as seen before, we deduce that 
the morphism defined by the diagram is non-zero. Therefore, the right-hand 
vertical arrow is non-zero. Theorem 13.11 allows then to conclude. □ 

4. Applications to Milnor fillable manifolds 

In this section we apply Theorem 13.11 and Proposition 13.51 in order to 
give lower bounds on the dimensions of the exceptional sets of resolutions of 
isolated singularities (Proposition 14.11 and Corollary 14. 2p . and to construct 
classes of Milnor fillable but not Stein fillable manifolds in any odd dimension 
> 5 (Proposition 14.41 and Corollary I4.5|l . Therefore, we keep working with 
arbitrary coefficient rings in cohomology. 

In Section [2] we have recalled the notion of divisorial resolution of an 
isolated singularity. We recall now the simplest example of normal singularity 
which admits non-divisorial resolutions. Consider the affine quadratic cone 
X in C^, defined by the equation xy = zt. It is the cone over a smooth 
projective quadric E ^ CP^, which can also be seen as the image of the 
Segre embedding of CP^ x CP^, which shows that S is doubly ruled. The 
variety X has an isolated singular point at 0, which can be resolved by 
blowing it up. The exceptional set is then isomorphic to the projectified 
tangent cone, that is, to S: we have a divisorial resolution. The total space 
of this resolution is isomorphic to the total space of the line bundle s*0{—l) 
over S. The initial affine cone X can be seen as obtained by contracting the 
zero section in this total space. But instead of contracting all of E, one can 
contract to a point each line in one of the rulings of the quadric, obtaining 
another resolution whose exceptional set is a smooth rational curve which 
parametrizes the lines having been contracted. As there are two rulings, 
one gets two resolutions with exceptional sets of dimension 1. The induced 
birational map between the total spaces of these resolutions is the simplest 
example of what algebraic geometers call a flop. 

The following proposition gives topological obstructions to the existence 
of resolutions with exceptional sets of small dimension. 

Proposition 4.1. Let {X,x) be an isolated singularity of normal complex 
analytic space of complex dimension n. Denote by N its abstract boundary. If 
one can find numbers ii, i^ G {1, 2n—2 — h} such that + - ■ ■+ik > h+1 
and the morphism H'^{N) (g) ■ ■ ■ (g) W'' (N) — > H'^+-+'''{N) induced by 
the cup-product does not vanish identically, then the exceptional set of any 
resolution of {X, x) has complex dimension at least ^^y^ . 
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Proof. Consider a resolution {X,E) — > iX,x) of the germ {X,x). One 
can choose as representative of X the preimage of a Milnor neighborhood 
of X in X. Therefore, it retracts by deformation on which shows that it 
is homotopically of dimension 2d, where d is the complex dimension of E. 
By our choice, W has a boundary diffeomorphic to N. Theorem 13.11 applied 
to our hypotheses implies that W is not homotopically of dimension < h, 
therefore 2d > h + 1. □ 

If L is a line bundle on a projective manifold S, denote by A^(S,L) the 
total space of the associated circle bundle. By a theorem of Grauert [2S], 
if L is anti- ample (that is, if its dual is ample), one can contract the zero- 
section in the total space of L, getting like this a normal complex afiine 
variety with an isolated singularity as the image of the zero-section. It is the 
simplest example of Remmert reduction of a holomorphically convex space 
(see Peternell [39* Section 2]). In this case, N{T,,L) is isomorphic to the 
boundary of the singularity. The next corollary applies Proposition 14.11 to 
the singularities obtained in this way. 

Corollary 4.2. Let {X,x) be an isolated normal singularity obtained by con- 
tracting the zero section in the total space of an anti-ample line bundle L over 
a projective manifold S of complex dimension n — 1 > 2. Suppose that there 
are numbers h G {2, 2n— 3}, ii, ik G {1, m — 2— /i} such that + - ■ ■ + 
ik>h + l, the morphismH'^{T.)(E)---(g)H'''{^) — > H'^+-+^>^{T.) induced by 

the cup-product is surjective, but iJ*i+ ''+*'-~^(S) i^^i+'-'+^fc (S) is not 

surjective. Then the exceptional set of any resolution of {X, x) has complex 
dimension at least 

Proof. This is an immediate consequence of the previous proposition and 
of Proposition 13.51 We use the fact that the Euler class of the circle bundle 
A^(S, L) is equal to the first Chern class of L. □ 

We have seen before that the contraction of the zero-section of the line 
bundle s*0{—l), where s is the Segre embedding of CP^ x CP^, admits small 
resolutions. Consider instead the isolated normal singularity obtained by 
contracting the zero-section in the total spaces of the line bundle s*0(— a), 
where a > 2. Corollary 14.21 applied to L := s*0{—a),n = 3, h = k = ii = 
12 = 2, implies that this singularity does not admit small resolutions. In- 
deed, as one can see easily using Kiinneth formulae for the product manifold 
E ~ CPi X CP\ the morphism //^(S) <S) H^{^) — > i?^(S) is surjective, 

but the morphism i?^(S) if^(S) is not surjective if we work with in- 

tegral cohomology, as its image is divisible by a > 2. This implies that the 
exceptional set of any resolution is of complex dimension 2. 

Remark 4.3. The previous example shows that it is essential to apply Corol- 
lary [121 using cohomology groups with integral coefficients, as the multipli- 
cation by the Chern class of the line bundle becomes surjective if one uses 
instead rational or real coefficients. 

A smoothing of an isolated singularity is a germ of (flat) deformation over 
an irreducible base, and whose generic fiber is smooth. If a given singularity 
admits smoothings, then one says that it is smoothable. 
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Consider a smoothing of an isolated normal singularity {X, x). By working 
inside a Milnor representative of the total space of the smoothing and using 
Ehresmann's stability theorem, it can be shown that the diffeomorphism 
type of a generic fiber is well-defined. It is called the Milnor fiber of the 
smoothing. Using again Ehresmann's theorem, we see that its boundary is 
diffeomorphic to the boundary of {X, x). Recall from Section [2] that a Milnor 
representative of the total space of the smoothing is defined as a sublevel of a 
(automatically spsh) euclidean rug function. Theorem 12.41 implies that this 
Milnor representative is a Stein space. By Theorem 12.51 we see that the 
fibers of the smoothing are also Stein, therefore the associated Milnor fiber 
can be endowed with the structure of a compact Stein manifold. This Stein 
structure is unique only up to deformations, but this is enough in order to 
see that the boundary of a smoothable normal isolated singularity is Stein 
fillable. 

Not all isolated singularities are smoothable. The following proposition 
gives smoothing obstructions from the cohomology of the boundary. They 
are different from the ones of Hartshorne [HI], Rees & Thomas [ID], Sommese 
[H] and Looijenga [33]. For details on the study of non-smoothable singu- 
larities, one can consult Greuel Sz Steenbrink [27j . 

Proposition 4.4. Let {X, x) be an isolated singularity of normal complex 
analytic space of complex dimension n. Denote by N its abstract boundary. 
If one can find numbers zi, E {1, n — 2} such that ii + ■ ■ ■ + ik ^ n + \ 
and the morphism W^{N) O • • • O (iV) — > i7^i+-+*'=(iV) induced by the 
cup-product does not vanish identically, then N is not Stein fillable. In 
particular, {X, x) is not smoothable. 

Proof. If {X, x) was smoothable then, as explained before, its boundary 
would be Stein fillable. We get a contradiction from Corollary 13.31 □ 

The following corollaries are examples of application of the previous propo- 
sition. Their proofs use integral cohomology. 

Corollary 4.5. Let S be an abelian variety of complex dimension n — 1 > 2 
and L be an anti-ample line bundle on S such that ci{L) is not a primitive 
element of the lattice Il'^{T,; Z). Then the manifold A^(S, L) is not Stein fill- 
able. In particular, the germ with isolated singularity obtained by contracting 
the 0-section of the total space of L is not smoothable. 

Proof. Topologically, S is a (2n — 2)-dimensional torus. Therefore, its 
integral cohomology ring is isomorphic to the exterior algebra /\^" ^ H^{T,). 
This implies that the morphism i^^~^^H^{'E) — > H'^~^^{'E) is surjective. 

As c := ci(L) is not a primitive element of H'^{T,), we can write c = a - 

where a £ Z,a > 2, and k £ H^i^). This implies that im(i7"-i(S) 

C a ■ which shows that the last map is not surjective. 

Using Theorem 13.51 we see that all the hypothesis of Proposition 14.41 are 
satisfied, with /c = n + 1, ii = • • • = Zfc = 1. The conclusion follows. □ 

Remark 4.6. The previous corollary answers partially the following question 
of Biran " Non-fillability of circle bundles P over S with dim]R S > 4 would 
be a new "contact phenomenon". An interesting example to consider seems 
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to be P ^ S, where S is an Abelian variety of complex dimension > 2". Our 
answer is partial because we have to impose an hypothesis on ci{L). 

Corollary 4.7. Whenever n>3anda>2, the manifold iV(CF"-\ 0{-a)) 
is not Stein fillahle. In particular, the germ with isolated singularity obtained 
by contracting the zero-section of the total space ofO{—a) is not smoothable. 

Proof. The integral cohomology ring of S := CF"^^ is isomorphic to the 
graded algebra Z[x]/(x"), where deg(x) = 2. This implies that the morphism 
— > induced by cup-product, is surjective. 

Moreover, if c := ci{0{-a)) = -ax, then im{H^''-^{^) ^ i/2"-2(S)) C 
a ■ which shows that the last map is not surjective, as //^""^(S) 

is a free group of rank one. 

Using Theorem 13.51 we see that all the hypothesis of Proposition 14.41 are 
satisfied, with /c = n — 1, ii = • • • = = 2. The conclusion follows. □ 

Remark 4.8. 1) The germ obtained by contracting the zero-section of 0{—a) 
has an alternative description as the quotient of C" by the action of the 
group of a-th roots of unity by coordinate-wise multiplication. Therefore the 
boundaries of the associated singularities are particular higher dimensional 
lens spaces. For a = 2, we obtain the real projective space MP^"~^. We get 
like this an alternative proof of the fact that for n > 3, this space is not 
Stein tillable (see Eliashberg, Kim & Polterovich [201 page 1728]). 

2) As explained in the previous remark, the germs considered in the corol- 
lary are particular quotient singularities of dimension at least 3. Therefore, 
by a general theorem of Schlessinger [Hj, they are rigid, that is, they admit 
no non-trivial deformations at all. In particular they are non-smoothable, 
which gives an alternative proof of the second sentence of the corollary. 

5. The rational cohomology of Milnor fillable manifolds. 

In this section, all cohomology groups are considered with rational coeffi- 
cients. This contrasts with the previous section, in which it was essential to 
work with integral coefficients (see Remark |4.3|) . 

The next theorem, proved first by Durfee & Hain [14], after having been 
announced in [13] , states a property of the rational cohomology rings of 
Milnor fillable manifolds: 

Theorem 5.1. Let N be a {2n — 1)- dimensional Milnor fillable manifold, 
where n > 2. Consider numbers € {l,...,n — 1} such that ii -f 

■■■+ik>n. Then the morphism {N) <S) ■ ■ ■ H'" (N) — > H'^+-+ik (jy) 
induced by the cup-product in cohomology with rational coefficients vanishes 
identically. 

Proof. Suppose that N is diffeomorphic to the abstract boundary of 
a normal isolated singularity {X, x) of dimension n. Consider a divisorial 
resolution {X,E) — > {X,x) of [X,x). Choose as representative of X the 
preimage of a Milnor representative of {X,x). 

Consider the following commutative diagram, in which the vertical arrows 
are induced by the cup-product: 
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b* 



Using point 4) of Theorem 12.111 the hypotheses made on the numbers 
ii,...,ik imply that the upper horizontal morphism is surjective as a tensor 
product of surjective morphisms and that the lower horizontal one vanishes 



Note that, although the theorems 13.11 and 15.11 are formally similar, the key 
results used in their proofs are completely different. 

In fact, Durfee & Hain stated the previous theorem for A; = 2. The 
precise bounds n — 1 and n for ii, and «i + • • • + ifc respectively, make 
the two versions equivalent. They proved their theorem using directly the 
theory of Beilinson, Bernstein, Deligne & Gabber, that is, without passing 
through the theorem of Goresky & MacPherson. They get also restrictions 
on the boundaries of tubular neighborhoods of higher dimensional subspaces 
of algebraic varieties. 

Remark 5.2. 1) By using Poincare duality, the previous theorem may be 
reformulated in the following way: on a (2n — 1)- dimensional Milnor fillahle 
manifold, the intersection number of rational homology classes of dimension 
at least n is equal to zero. Of course, we suppose that we take classes whose 
sum of codimensions is equal to 2n — 1, in order to have a well-defined 
intersection number. 

2) The previous theorem was obtained in the particular case n = 2,k = 
2,ii = Z2 = 1 by Sullivan [1^. In this case, where {X.,x) is a germ of 
surface, it results immediately from the fact that the intersection form of a 
resolution of the isolated singular point under study is non-degenerate. As 
explained in Section [2l Theorem 12.111 is an analog of this result in higher 
dimensions. Prom his theorem, Sullivan deduced that the boundary of an 
isolated singularity cannot be diffeomorphic to a 3-dimensional torus. The 
following generalizes this to all dimensions. 

As an immediate application of the previous theorem, we see that for all 
n > 2, the torus T^"-! is not Milnor- fillahle. Indeed, as the cohomology 
ring of T^"-i is isomorphic to the exterior algebra /\* ii"^(T^"~^) (a fact 
already used in the proof of Corollary I4.5p . the morphism (8)"i7^(T^"~^) — > 
//"(T^"~^) is surjective and does not vanish identically. We apply then the 
previous theorem to k = nji\ — ' ' ' — in 

= 1. In the next section we 
will see that starting from dimension 5, odd-dimensional tori are not even 
holomorphically tillable. 

The fact that for n > 2, the torus T^"~^ is not the boundary of an iso- 
lated complete intersection singularity (abbreviated ids) can be proved dif- 
ferently. Indeed, it is implied by the fact that the boundary of an icis of 
complex dimension n is (n — 2)-connected. This was proved by Milnor [35] 
for hypersurfaces and generalized by Hamm [29] to arbitrary icis. 



identically. The conclusion follows. 



□ 
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As noted by Durfee [T3], Theorem 15.11 implies more generally that no 
manifold of the form KiX K2X K3 with dim Ki + dim K2 + dim K3 = 2n — 1 
and dim /Cj < n — 1, V i G {1, 2, 3} is Milnor fillable. 

6. The rational cohomology of holomorphically fillable 

manifolds. 

In what follows, all (co)homology groups are considered with rational co- 
efficients. 

Proposition 6.1. Suppose that n > 3. Let W be an oriented cobordism of 
dimension 2n from a manifold Ni to a manifold N2, such that {W^Ni) has 
the homotopy type of a relative CW-complex of dimension < n. Consider 
numbers ii, it G {1, n — 2} such that ii + ■ ■ ■ + ik > n + 1. If the 
morphism H'^iNi) ® • • • O H^'^{Ni) — > H'^+-+''' (Ni) induced by the cup- 
product in cohomology with rational coefficients vanishes identically, then the 
same is true for the analogous morphism associated to N2- 

Uj 

Proof. For j = 1,2, denote by A'^ ^ W the inclusion morphism. Our 
hypothesis on the pair {W,Ni) implies that: 

H\W,Ni) ~ 0, Vi > n + 1. 

Using the exact cohomology sequence of the pair (W, A''i), we deduce that: 

(1) H\W) ^ H'{Ni) is injective, V i e {n + 1, 2n - 1}, 

(in fact those morphisms are bijective, but for the proof of the proposition 
we need only their injectivity). 

By generalized Poincare-Lefschetz duality applied to the cobordism W 
from iVi to N2 (see Bold [121 page 307]), we get H'+^(W,N2) ~ 
H2n-i-i{W,Ni), therefore: 

W+'^{W,Ni) ~0, Vie {0,...,n-2}. 

Using the exact cohomology sequence of the pair {W,N2), we deduce that: 

(2) H\W) ^ H\N2) is surjective, V « e {0, n - 2}. 
Consider then the following commutative diagram: 

H*i (Ni) (S) ■ ■ ■ IS) H*k (Ni) ^ H'l (W) (»■■■(» (W) ^ H'l {N2) «) ■ ■ ■ ® J/''= (^2) 

" . " » 
H^i + ---+^k(Ni) ^ Wi + ---+'k(W) ^ _ff'i+---+'fc(Af2) 

By hypothesis, the left-side vertical arrow vanishes. As the left-side lower 
horizontal arrow is injective by we deduce that the middle arrow vanishes 
identically. As the right-side upper horizontal arrow is surjective hy we 
deduce that the right-side vertical arrow also vanishes. □ 

As a consequence, we get the following property of the rational cohomology 
rings of holomorphically fillable manifolds, proved by Bungart [9]: 
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Theorem 6.2. Suppose thatn > 3. Let N be a holomorphically fillahle man- 
ifold of dimension 2n — 1. Consider numbers ii, ■■■,ik S {1, — 2} such 

that zi H h ifc > n + 1. Then the morphism H'^ {N) (g) ■ ■ ■ (g) W'' (N) — > 

jjnA l"*fc(iV) induced by the cup-product in cohomology with rational coeffi- 
cients vanishes identically. 

Proof. Suppose that N is the strictly pseudo-convex boundary of a com- 
pact holomorphic manifold Z of complex dimension 2n. Denote by Z — > X 
the Remmert reduction morphism of Z . Then X is a Stein space with at 
most isolated singularities, obtained as images of some of the connected com- 
ponents of the maximal compact analytic subset of Z (the other connected 
components contract to smooth points of X). 

Denote by F the (finite) set of singular points of X. Let (/> be a function as 
described in the conclusion of Proposition 12.101 Suppose (without reducing 
the generality) that the absolute minimum of (f), attained by hypothesis on 
the finite set F, is equel to (it is enough to add a constant to cj) in order 
to get this). Suppose moreover that (/> is a Morse function with only one 
critical point on each critical level, which can be realized by a sufficiently 
small smooth perturbation on a compact subset of X (we use the stability of 
spsh functions formulated in Proposition [221 point 3)). For e > sufficiently 
small, the level A'^ := (/>~^(e) is a disjoint union of manifolds diffeomorphic 
to the boundaries of the singularities of X. 

Denote by > the maximum value of (/>, attained by construction exactly 
on N2 := N . Then W := p~^{[e, u]) is an oriented cobordism from A*"! to N2- 
As 4> is spsh, we deduce from Proposition 12 . 71 that (W, A'^i) has the homotopy 
type of a relative CW-complex of dimension < n. By Theorem 15.11 for each 
connected component C of Ni, the morphism (C) • • • (81 H^'' (C) — > 
i-*fe((7) vanishes identically, which implies that the same is true for 
A'^i. Therefore we can apply Proposition 16.11 and the conclusion follows. □ 

A similar theorem holds for Stein fillable manifolds, with the essential 
difference that it is then true for cohomology groups with arbitrary coefficient 
rings (Theorem 13. 3p . This difference allows to detect with our methods 
holomorphically fillable manifolds which are not Stein fillable, as we did in 
Section HI 

Remark 6.3. 1) By using Poincare duality, the previous theorem may be 
reformulated in the following way: on a (2n — 1)- dimensional holomorphi- 
cally fillable manifold, the intersection number of rational homology classes 
of dimension at least n -\- 1 is equal to zero (compare with Remark 15.21 1)). 

2) One has to introduce the restriction n > 3 in order to have integers 
ii, -.-^ik which satisfy the conditions of the hypotheses. Therefore, as in the 
case of Corollarv l3.3l the previous theorem says nothing about 3-dimensional 
manifolds. 

3) With the notations of the proof of Theorem 16.21 the surjectivity of 

the morphism H^{W) — ^ H'^{N2) (a consequence of JSJ), shows that the 
boundary of a strongly pseudoconvex connected manifold is also connected 
(folklore) . 

The proof of the previous theorem shows that one can get more infor- 
mation on the cohomology rings of holomorphically fillable manifolds from 
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more detailed knowledge of the topology of the isolated singularities of a 
Stein space which fills it. For example: 

Proposition 6.4. Let N be the boundary of a compact Stein space X with 
isolated singularities. Fix a ring of coefficients A and numbers ii,...,ik G 
{1, n — 2} such that ii + ■ ■ ■ + > n + 1. If the morphism (M, A) (g) 
• • • (g) iT**: (M, A) —>■ (M,^) induced by the cup-product vanishes 

identically for the abstract boundary M of each isolated singular point of X, 
then the same is true for N . 

As an immediate application of Theorem 16.21 we see that for all n > 3, 
the torus T^"~^ is not holomorphically fillable. Indeed, one has simply to 
apply the previous theorem toA; = n + l,ii = -- -= z^+i = 1. 

Note that the torus T^"~^ can be realised as a Levi-flat boundary of a 
complex manifold: consider the product of an abelian variety and the closed 
unit disc in C. This shows the importance of the strong convexity hypothesis 
in the definition of holomorphically fillable manifolds. 

By a theorem of Bourgeois [H] (see also Giroux [22] for details on the con- 
text of research having led to it), if a closed orientable manifold M admits 
a contact structure, then M x also does. This implies that all odd- 
dimensional tori admit contact structures, as does (see the next para- 
graph). The previous corollary shows that a contact structure on a torus of 
dimension at least 5 cannot be holomorphically fillable. 

Instead, is holomorphically fillable: it can be realized as a strongly 
pseudoconvex boundary of a tubular neighborhood of x §^ standardly 
embedded in (see Eliashberg [E]). By the theorem of Sullivan quoted 
in the previous section and generalized in Theorem 15.11 is not Milnor 
fillable. In a similar way, we get using Theorem 15.11 

Proposition 6.5. For any n>2, the product x S""^ is holomorphically 
fillable but not Milnor fillable. 

Proof. Consider the standard embedding of = x • • • x ^\ in C" 
as the product of unit circles in each factor C (the indices denote different 
copies of S^). As the image of this embedding is totally real, we see that it has 
strongly pseudoconvex regular neighborhoods (see Grauert [21], Eliashberg 
[18]). The boundaries of these regular neighborhoods are diffeomorphic to 
X §"~^, which shows that this last manifold is holomorphically fillable. 

Choose now points Pi £ Sj, Mi £ {!,..., n} and P £ S"-^ The submani- 
folds Ki := Si X Pa X • • • X P„ X S"-i, K2 := T" x P, K3 := Pi x x • • • x 
X S"~^ of T" X S"^^ have only the point Pi x • • • x P„ x P in common, 
where they meet transversally. Therefore, with convenient choices of orien- 
tation, the intersection number of their homology classes is equal to 1. For 
j e {1, 2}, denote by 7^ E i/'^-i(T" x S"-^) the Poincare dual of the homol- 
ogy class of Kj. We deduce that 71U72 does not vanish in H'^n~'^{T'^ x S"~^), 
which shows that the morphism iJ"-i(T" x §""!) ® F"-i(T'^ x S"-^) — > 
j^2n-2^Y^ X §"~^) induced by the cup-product does not vanish identically. 
By Theorem 15.11 we deduce that T" x S"^^ is not Milnor fillable. □ 
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